We use an Euler system of Heegner cycles to bound the Selmer group associated to a modular form of higher even weight twisted by a ring class field character. This is an extension of Nekovar's result [5] that uses Bertolini and Darmon's refinement of Kolyvagin's ideas, as described in [1] .
Introduction
Let f be a normalized newform of level N ≥ 5 and even weight 2r > 2 and let
be an imaginary quadratic field satisfying the Heegner hypothesis relative to N, that is, rational primes dividing N split in K. For simplicity, we assume that |O × K | = 2. We fix a prime p satisfying (p, NDφ (N)(2r − 2)!) = 1. 1 Supported by a doctoral scholarship of the Fonds Québécois de la Recherche sur la Nature et les Technologies.
Let H be the ring class field of K of conductor c with (c, NDp) = 1 and let e be the exponent of Gal(H/K). Let F = Q(a 1 , a 2 , · · · , µ e ) be the field generated over Q by the coefficients of f and µ e . We denote by A the p-adicétale realization of the motive associated to f as in [5, 
Heegner cycles
Consider the congruence subgroups Γ(N) and Γ 0 (N) of the modular group SL 2 (Z) Let Y (N) be the smooth irreducible affine curve that is the coarse moduli space classifying elliptic curves with Γ(N) level structure, that is elliptic curves E with a pair of points
where e N is the Weil pairing and ζ N is some N-th root of unity. We denote by Y 0 (N) the smooth irreducible affine curve that is the coarse moduli space classifying elliptic curves with Γ 0 (N) level structure, that is elliptic curves with cyclic subgroups of order N. Equivalently, Y 0 (N) classifies pairs of elliptic curves related by an N-isogeny. Over C, we have
The compactification of Y (N) and Y 0 (N) viewed as Riemann surfaces will be denoted by X (N) and of X 0 (N). By the theory of complex multiplication, x m is defined over the ring class field of K of conductor cm. Pick x ∈ π −1 (x m ). And let E be the corresponding elliptic curve. Then E has complex multiplication by O cm . Letting graph( √ −D) be the graph of the multiplication of E by √ −D, we denote by Z E the image of the divisor
be the universal generalized elliptic curve where (m, n) in Z 2 acts on C × H by
Consider the inclusion
where W 2r−2 is the Kuga-Sato variety of dimension 2r − 1, that is, the smooth compactification of the 2r − 2-fold fibre product
Then i * (Z 
as described in [3] . We consider two crucial properties of the Galois cohomology classes thus obtained from Heegner cycles.
Proposition 2.1. Consider cocycles y n and y m with n = ℓm, where ℓ is a prime inert in K. Then
Proof. Let E m be the elliptic curve corresponding to x ∈ π −1 (x m ). Then, we have
where the elements y ∈ Y (N) correspond to ℓ-isogenies E y → E m compatible with level N structure.
The set {π(y)} consists of the orbit of x n in
where
Let E n be the elliptic curve corresponding to y ∈ π −1 (x n ). We have
Since the action of the Hecke operators commutes with the Abel-Jacobi map, we obtain
The equality We denote by (y n ) v the image of an element 
Proof. The proof can be found in [5, proposition 6.1(2)].
The Euler System
Let n = ℓ 1 · · · ℓ k be a squarefree product of primes ℓ i inert in K satisfying
The Galois group G n = Gal(H n /H) is isomorphic to the product over the primes ℓ dividing n of the cyclic groups Gal(H ℓ /H) of order ℓ + 1. Let σ ℓ be a generator of G ℓ . We denote by O ℘ , the
be the smallest Galois extension of H such that Gal(Q/L) acts trivially on Y p (Q). We will denote by Frob F 1 /F 2 (α) the conjugacy class of the Frobenius substitution of the prime α of F 2 in Gal(F 1 /F 2 ).
A prime ℓ will be referred to as a Kolyvagin prime if it is such that
where Frob ∞ (L/Q) refers to the conjugacy class of complex conjugation. Given a Kolyvagin prime ℓ, the Frobenius condition implies that it is inert in K. Indeed, ℓ is not in the kernel of the Artin map. Denote by λ the unique prime in K above ℓ. Since λ is unramified in H and has the same image as Frob ∞ (L/K) = τ 2 = Id by the Artin map, it splits completely in H. Let λ ′ be a prime of H lying above λ , then λ ′ splits completely in L as it lies in the kernel of the Artin map:
The Frobenius condition also implies that
Indeed, the characteristic polynomial of Frob(ℓ) acting on Y p is
while the characteristic polynomial of the complex conjugation is x 2 − 1. For the rest of the monograph, we assume that p is such that
These operators are related by
And we denote by red(x) the image of an element
Proof. It is enough to show that for all ℓ dividing n,
The latter is congruent to 0 modulo p by Equation (1).
Proposition 3.2.
For n such that (n, cpND) = 1, we have
and
Proof. Indeed, H n /Q and Q(Y p (Q))/Q are unramified outside primes dividing cnD and N p re-
is unramified over Q. Since Q has no unramified extensions, we
The result follows.
Proposition 3.3. The restriction map
Proof. This follows from the inflation-restriction sequence:
using the fact that Y p (H n ) = 0 by Proposition (3.2).
As a consequence, the cohomology classes D n red(y n,℘ ) can be lifted to cohomology classes
Proposition 3.4. Let v be a prime of H. If v|N, then P(n) v is trivial. If v ∤ Nnp, then P(n) v lies in
Proof. If v divides N, we follow the proof in [5, lemma 10.1]. We denote by
the local Tate dual of Y p . The local Euler characteristic formula yields
Local Tate duality then implies
The Weil conjectures and the assumption on
We have the exact sequence
Localization of Kolyvagin classes
Nekovar [5] studied the localization of Kolyvagin cohomology classes by explicitly computing cocycles using the Euler system properties. We briefly explain his development in this section.
Consider the following setting where L 1 and L ℓ are either ring class fields of an imaginary quadratic field with conductors c and ℓc or the compositum of such ring class fields with a Ray class field of fixed conductor. We denote by
,
for some σ and τ. There is a surjective homomorphism
is generated by an element τ and
is generated by the Frobenius element φ at ℓ and φ τφ −1 = τ ℓ . Let A be a free Z p -module of finite rank with a continuous action ofG such that
and such thatG 0 acts on A through its quotientẐ. One can show that
Here, M 1 is implied by the first Euler system property. There exists z ∈ H 1 (G, A/pA) such that
For a in A,
Hence, using the inflation-restriction sequence
There is an element a in A such that
(See [5, section 7] for more details). Restricting g to g 0 ∈ G 0 where π(g 0 ) = σ u 0 φ 2v , we obtain
whereσ is a lift of σ ∈ G/H to G. We have
For u = 0, v = 1, we obtain from the last three equations 
where ε is such that φ = τ acts by ε on a x . Therefore,
The characteristic polynomial of φ implies that 
Statement
The Galois group G = Gal(H/K) acts on H 1 (H,Y p ). Recall that we denote bŷ
the group of characters of G and by
the projector onto the χ-eigenspace given a character χ ofĜ. We denote by
Then e χ δ belongs to the χ-eigenspace of H 1 (H,Y p ). We prove the following theorem. 
Theorem 5.1. Assume that p is such that
and O ℘ -linear isomorphisms
where the last isomorphism is obtained by evaluation at the Frobenius element generating Gal(H ur λ ′ /H λ ′ ).
Recall that the Selmer group S ⊆ H 1 (H,Y p ) consists of the cohomology classes whose localizations
. We denote by
the direct sum of the restriction maps from
Restricting res λ to the Selmer group, we obtain the following map
Taking the (Z/p)-linear dual of the previous map and using isomorphism (3), we obtain a homor-
Let X ℓ be the image of ψ ℓ in S dual . We aim to describe S dual by studying the X ℓ 's.
Generating the dual of the Selmer group
Lemma 6.1. For a module M, we have
Proof. Sah's lemma states that if G is a group, M a G-representation, and g an element of Center(G), then the map x −→ (g − 1) x is the zero map on H 1 (G, M). In our context, since
we have that g − I = I is the zero map on H 1 (Aut(M), M) and the result follows.
Proposition 6.2. There exists a prime q such that q is a Kolyvagin prime, and such that
where β ′ is a prime dividing q in H.
Proof. For the purpose of this proof, we denote the cocycle e χ δ by c 1 
and the Galois group G(L/H)
by G. By Proposition (3.4), c 1 belongs to S χ . The restriction map
is injective. Indeed, Proposition (3.2) and Proposition (6.1) imply that
Consider the evaluation pairing
and let Gal S (Q/L) be the annihilator of r(S χ ). Let L S be the extension of L fixed by Gal S (Q/L) and denote by G S the Galois group Gal(L S /L). We obtain an injective homomorphism of Gal(H/Q)-
We denote by s the image of r(c 1 ) in Hom
If s(G + S ) = 0, then as s belongs to S ± , we have
where Y p (L) ± are the ± eigenspaces of Y p with respect to the action of τ. On the one hand, the eigenspace Y ± p is of rank one over O ℘ /p. On the other hand, by Proposition (3.2) and Assumption 
Therefore, there exists h in G S such that c 1 ((τh) 2 ) = 0. Consider the element τh in Gal(L S /Q).
Cebotarev's density theorem implies the existence of q in Q such that
and such that (q, cpND) = 1. In particular, q is a Kolyvagin prime since res| L (τh) = τ. For β in L above q, we have that
generates the local extension L S /L at β . This implies that res β ′ c 1 does not vanish for β ′ = β ∩ H.
Consider the following extensions
where the abbreviation Gal indicates taking Galois closure over Q. We define
We denote by V Proof. Linearly independent cocycles c 1 , c 2 of
is injective. Indeed, combining Proposition (3.2) with Proposition (6.1) that implies that
we obtain that
Consider the extension I For a subset U ⊆ V , we denote by
Note that a rational prime ℓ in L(U ) is a Kolyvagin prime as
Hence, a prime above ℓ in H splits completely in H q . Indeed, it lies in the kernel of the Artin map because of the Frobenius condition
where |D(H/Q)| is the order of the decomposition group D(H/Q), also the order of the residue extension. Similarly, a prime above ℓ in H q splits completely in H q (Y p ); it lies in the kernel of the Artin map because of the Frobenius condition
Proof. The proof consists of the following steps:
1. An element s of S can be identified with an element h of Hom G (F,Y p ).
To show the statement of the theorem, it is enough to show that res
3. The assumption res λ (s) = 0 for all ℓ ∈ L(U ) implies that h vanishes on U + .
The assumption
1. Let s be an element of S. For the purpose of this proof, we denote
We denote by h the image of s by restriction in
Here, restriction can be viewed as the composition of the following two restriction maps
Combining Proposition (3.2) and (6.1) we obtain that
Note that q + 1 is not a power of p. Indeed, if q + 1 = p α for some α, then p α − 1 divides q implying that p − 1 divides the prime number q, a contradiction. Since q + 1 is not a power of p, Y p has no G-submodules of order q + 1. Hence,
Local Tate duality identifies
is injective, then the induced map between the duals
would be surjective. Hence, it is enough to show that res λ (s) = 0 for all ℓ ∈ L(U ) implies s = 0.
3. ConsiderĨ 01 , the minimal Galois extension of Q containing I 01 such that h factors through Proof. [5, proposition 6.2] that uses a result in [2] states that
for some σ 0 in Gal(H q /K). Since τ acts on an element g of G by
we have
Also,
Therefore, applying e χ to Equation (4) yields τe χ y q,℘ = ε χ(σ 0 )e χ y q,℘ .
Let us look at the action of complex conjugation on
the identity τD q = −D q τ to obtain τv 0 τ(e χ y 1,℘ ) = ε χ(σ 0 )τv 0 (e χ y 1,℘ ).
In this case, we define
In both cases, Proposition (6.3) and Congruence (1) imply that U + generates
Let ℓ be a prime in L(U ), and let λ be the prime of K lying above it.
Proposition 6.6. The elements res λ e χ P(ℓ) and res λ e χ P(ℓq)
Proof. We have where Frob ℓ (I 01 /Q) = τu = (τx, τy, τz, τw) would also be linearly dependent. The Frobenius condition implies that
generate Y p , which yields a contradiction.
In 
where c 1 (ℓ) and c 2 (ℓ) only depend on ℓ. Note that this uses Proposition (2.2). Hence, if res λ e χ P(ℓq) and res λ e χ P(ℓ) were linearly dependent then res λ e χ P(q) = res λ e χ D q redy q,℘ and res λ e χ P(1) = res λ e χ redy 1,℘ would be so as well.
Bounding the size of the dual of the Selmer group
In what follows, we study the modules X χ ℓ for ℓ in L(U ).
Proposition 7.1. We have
Proof. The proof follows [5, proposition 11.2(2)] where both the reciprocity law and the ramification properties of P(n) in Proposition (3.4) are used. Proof. By Proposition (6.4), the set {X Also, e χ red(y 1,℘ ) belongs to S χ by Proposition (3.4) and is not divisible by p in S χ . Indeed, this follows from the hypothesis on e χ red(y 1,℘ ) and Proposition (6.5) where χ(σ 0 ) is a root of unity since Gal(H/K) is a finite group. This implies that dim(S χ ) ≥ 1. Therefore, dim(S χ ) = dim(S dual,χ ) = 1. Remark 7.6. In Kolyvagin's argument for elliptic curves E and certain imaginary quadratic fields K, the non-triviality of the Heegner point y K in E(K)/pE(K) for acceptable primes p immediately implied the non-triviality of y K in Sel p (E/K). In our situation, even though the p-adic Abel Jacobi map is conjectured to be injective, it is non-trivial to check whether a non-trivial Heegner cycle in the Chow group has non-trivial image in H 1 (H m , A).
